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Abstract—Constrained spectral clustering (CSC) algorithms have shown great
promise in significantly improving clustering accuracy by encoding side information
into spectral clustering algorithms. However, existing CSC algorithms are inefficient in handling moderate and large datasets. In this paper, we aim to develop a
scalable and efficient CSC algorithm by integrating sparse coding based graph
construction into a framework called constrained normalized cuts. To this end, we
formulate a scalable constrained normalized-cuts problem and solve it based on a
closed-form mathematical analysis. We demonstrate that this problem can be
reduced to a generalized eigenvalue problem that can be solved very efficiently.
We also describe a principled k-way CSC algorithm for handling moderate and
large datasets. Experimental results over benchmark datasets demonstrate that
the proposed algorithm is greatly cost-effective, in the sense that (1) with less side
information, it can obtain significant improvements in accuracy compared to the
unsupervised baseline; (2) with less computational time, it can achieve high clustering accuracies close to those of the state-of-the-art.
Index Terms—Constrained spectral clustering, sparse coding, efficiency,
scalability
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1

INTRODUCTION

CURRENTLY, data in a wide variety of areas tend to large scales. For
many traditional learning based data mining algorithms, it is a big
challenge to efficiently mine knowledge from the fast increasing
data such as information streams, images and even videos. To overcome the challenge, it is important to develop scalable learning
algorithms.
Constrained clustering is an important area in the research
communities of machine learning. Researchers proposed many
new algorithms [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16], which improve clustering accuracy by
means of encoding side information into unsupervised clustering
algorithms. Here, side information might be labelled data [15],
pairwise constraints [2], relative comparison constraints [17],
and so forth. In this paper, we refer to it as labelled data. In
practice, labelled data are often costly to obtain and so the typical problem in this area is to improve clustering by using a little
of side information.
We understand that constrained spectral clustering (CSC)
algorithms [9], [10], [11], [12], [13], [14], [15], [16] are in general
better than other constrained clustering algorithms in terms of
accuracy, in part because of the high accuracies of unsupervised
spectral clustering [18], [19], [20], [21], [22]. However, the scalability and efficiency of previous CSC algorithms are in general
poor. Specifically, the memory complexity of existing CSC algorithms [9], [10], [11], [12], [13], [14], [15], [16] is Oðn2 Þ and the
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time complexity is Oðn3 Þ, where n is the total number of instances. This hampers the applications of CSC algorithms towards
moderate and large datasets.
In this paper, we develop an efficient and scalable CSC algorithm that can well handle moderate and large datasets. The
SCACS algorithm can be understood as a scalable version of the
well-designed but less efficient algorithm known as Flexible Constrained Spectral Clustering (FCSC) [15], [16]. To our best knowledge, our algorithm is the first efficient and scalable version in this
area, which is derived by an integration of two recent studies, the
constrained normalized cuts [15], [16] and the graph construction
method based on sparse coding [23]. However, it is by no means
straightforward to integrate the two existing methods. In the rest
paper, we mainly answer three questions: how do we achieve an
effective integration? how do we derive the SCACS algorithm in
a principled way? and how well does the proposed algorithm
perform?
The structure of the rest paper is as follows: in Section 2, we
revisit the constrained normalized-cuts problem and the method of
graph construction based on sparse coding; in Section 3 we formulate the problem to be solved and present a closed-form mathematical analysis; in Section 4, we propose our algorithm based on the
results of Section 3; in Section 5, we evaluate the proposed algorithm over benchmark datasets and discuss the results; In Section 6,
we draw the conclusion and mention the future work.
For notation, vectors and matrices are denoted by bold lowercase and upper-case letters, respectively. Sets are denoted by italic
upper-case letters. Scalars are denoted by italic lower-case letters.

2

BACKGROUND

In this section, we revisit two pioneer studies, namely the constrained normalized cuts [15], [16] and the sparse coding based
graph construction method [23].

2.1

Constrained Normalized Cuts

Given a vector dataset X ¼ fxi gni¼1 where xi 2 Rd , and a constraint
set fC¼ ; C6¼ g where ðxi ; xj Þ 2 C¼ if the patterns of xi and xj are
similar and ðxi ; xj Þ 2 C6¼ otherwise, the aim is to partition X into k
clusters biased by the constraint set. Let W be the similarity matrix
over X where Wij represents the similarity between instances xi
and xj . Let D be the degree matrix over X which is a diagonal
P
matrix with elements Dii ¼ j Wij . Let L ¼ I  D1=2 WD1=2 be
the normalized graph Laplacian where I denotes the identity
matrix. Let Q denote the constraint matrix where Qij ¼ 1 expresses
ðxi ; xj Þ 2 C¼ , and Qij ¼ 1 expresses ðxi ; xj Þ 2 C6¼ , and Qij ¼ 0
expresses no available side information. Let Q ¼ D1=2 QD1=2 be
the normalized constraint matrix. The constrained normalized cuts
[15], [16] can be rewritten as:
arg minv2fþp1ﬃﬃ;p1ﬃﬃgn vT Lv
n

n

s:t: vT Qv  a; vT v ¼ 1; v?D1=2 1:

(1)

Here the parameter a controls what degree the input side information is respected. After removed vT Qv  a, Eq. (1) degenerates to
the standard normalized cuts [18]. The problem is NP hard and the
feasible way is to allow v to take any real values [21] which is called
a relaxed method in the literature. The relaxed solution vector can
be given by generalized eigenvalue decomposition [15], [16]. However, it still requires Oðn2 Þ memory cost and Oðn3 Þ time cost.

2.2

Sparse Coding Based Graph Construction

Graph construction amounts to computing a similarity matrix.
There exist a variety of methods [18], [21], [23], [24], [25], [26], [27].
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Among them, the method in [23] is based on sparse coding theory
[28] and is designed for handling large datasets.
Here we briefly introduce the sparse coding based graph construction. Given a dataset X, of the form d-by-n matrix, X, sparse
coding aims to find a pair of matrices, U 2 Rdp and Z 2 Rpn ,
such that UZ could best approximate X where U’s columns represent the desired base vectors and Z’s columns represent sparse coefficient vectors—each vector has few non-zero components. The
cost function to be minimized is
fðU; ZÞ ¼ kX 

UZk2F :

(2)

Unfortunately, it is costly to precisely solve for U and Z [29]. In
practice, an approximate and efficient way [23] is to randomly
choose p instances among the input dataset and act them as base
vectors, and then to estimate each column vector of Z according to
Ks ðxj ; ui Þ
Zij ¼ P
;
i2rNBðjÞ Ks ðxj ; ui Þ

3

PROBLEM FORMULATION

In this section, we formulate a scalable constrained normalizedcuts problem and demonstrate how to solve it.

3.1

3.2

^ be the similarity matrix over X. The relaxed conProblem 1. Let G
strained normalized-cuts problem can be formulated as
min vT Lv; s:t: vT Qv  a; vT v ¼ 1; v?1;

v2Rn

(4)

^ is the normalized graph Laplacian.
where L ¼ I  G
Based on [15], the normal approach for finding the solution vector of Problem 1 can be reduced to the following generalized eigenvalue problem:
Lv ¼ ðQ  bIÞv;

(5)

where b is a lower bound of a. The time cost for solving this problem is Oðn3 Þ, infeasible for handling large datasets.
^ T u where
To seek a scalable solution, we write v 2 Rn as Z
^ T u into Eq. (4), we reformulate Problem 1
u 2 Rp . Plugging v ¼ Z
as the following Problem 2.
Problem 2.
T

u2R

(6)

here,
^S
^ S;
^ Q
^ ¼ ZQ
^ Z
^T :
A¼S

(7)

Solving Problem 2
^  aÞ  mðuT Su
^  1Þ:
Lðu; ; mÞ ¼ uT Au  ðuT Qu

(8)

Using the KKT Theorem [30], the feasible solutions must satisfy the
the following conditions:
^  mSu
^ ¼0
Au  Qu

(9)

^ a
uT Qu

(10)

^ ¼ 1;
uT Su

(11)

^ ¼ 0;
1T Su

(12)

  0;

(13)

^  aÞ ¼ 0:
ðuT Qu

(14)

When  ¼ 0, Eq. (9) degenerates to the standard eigen-system
^ ¼ ð1  mÞu, namely side information does not work. To use
Su
side information, we limit  > 0 which reduces Eq. (10) and
Eq. (14) to
^ ¼ a;
uT Qu

(15)

Assuming that m= ¼ b, Eq. (9) can be reduced to
^  bSÞu;
^
Au ¼ ðQ

(16)

which is a generalized eigenvalue problem that can be solved very
efficiently due to p  n.
To derive a scalable constrained spectral clustering algorithm
(SCACS), it is essential to discuss how to set the parameters b and
a. Via a few algebraic manipulations, we find two facts which are
useful for algorithm design. First, the matrix A is positive semidefinite, hence we have
^  bSÞu
^ ¼ ða  bÞ  0;
uT ðQ

(17)

meaning that the parameter a is lower-bounded by b. Thus, users
just need to specify b, regardless of a. Second, for ensuring that
Eq. (16) has at least i meaningful solution vectors in terms of nonnegative normalized cuts, b < g i is a sufficient condition where g i
denotes the ith largest eigenvalue of the generalized eigen-system
^ ¼ g Sx.
^
Qx

4

ALGORITHM AND ANALYSIS

Based on the mathematical analysis above, in this section we derive
the algorithm and analyze the complexity.

4.1
^  a; uT Su
^ ¼ 1; 1T Su
^ ¼ 0;
minp u Au; s:t: u Qu
T

FEBRUARY 2015

To solve Problem 2, we use Lagrange multiplier and obtain that

The Scalable Constrained Normalized Cuts

In the following, Problem 1 refers to a straightforward integration
of the constrained normalized cuts and the sparse coding based
graph construction, and Problem 2 refers to the formulated scalable
constrained normalized-cuts problem.

NO. 2,

This problem is mathematically equivalent to Problem 1, but
it results in two significant changes: (1) the n-by-n normalized
graph Laplacian L is compressed as the p-by-p matrix A; (2)
the n-by-n constraint matrix Q is naturally compressed as the
^ Consequently, the solution of Problem 1 might
p-by-p matrix Q.
be efficiently recovered from the solution of Problem 2 considering p  n.

(3)

where s denotes the bandwidth of Gaussian kernel Ks ð; Þ and
i 2 rNBðjÞ means that the base vector ui is among the r nearest
base (rNB) vectors of instance xj . The sparseness of the matrix Z is
controlled by the parameter r.
After obtained Z, one can construct two forms of graph matrices:
P
^ ¼ D1=2 Z where Dii ¼
G ¼ ZT Z and S ¼ ZZT . Choose Z
j Zij . We
T^
^
^
can obtain the normalized graph matrices G ¼ Z Z 2 Rnn and
^¼Z
^Z
^ T 2 Rpp . It is easy to check that the normalized graph LaplaS
^ The time complexity for computing G
^ is
cian over X is ðI  GÞ.
2
2
^
Oðpn Þ, but the one for computing S is just Oðnp Þ (p  n).

VOL. 27,

The Proposed Algorithm

Problem 2 just indicates a binary constrained spectral clustering
problem where the solution vector v plays the role of grouping indicator. Without loss of generality, here we directly
derive an algorithm for k-class problems (k  2). We call the
proposed algorithm scalable constrained spectral clustering and
list 13 steps in Algorithm 1.
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TABLE 1
Dataset Description

Algorithm 1. Scalable Constrained Spectral Clustering
1: Input: a dataset X 2 Rdn , the base-vector number p, the

n-by-n constraint matrix Q, b, cluster number k.
2: Choose p vector data among the input dataset at random,
and stack them in the columns of matrix U 2 Rdp .
3: Compute Z 2 Rpn using Eq. (3) and then compute
^ ¼ D1=2 Z where D denotes a diagonal matrix with
Z
P
elements Dii ¼ j Zij .

Dataset

# Instances

Image Segmentation
USPS
Pen Digits
Letter Recognition
MNIST
CoverType

2,310
9,298
10,992
20,000
70,000
581,012

# Attributes
19
256
16
16
784
54

# Classes
7
10
10
26
10
7

^¼Z
^ ¼ ZQ
^Z
^ and Q
^ Z
^ .
4: Compute S
5: Find the largest eigenvalue g max of the generalized eigenT

T

^ ¼ g Sx.
^
system Qx

6: If b  g max , return fv g ¼ ;; otherwise, find all the eigen-

vectors fui g by solving generalized eigen-system Eq. (16),
where ui denotes the ith eigenvector, 1 i p.
þ
7: Find among fui g the eigenvectors fui g associated with
positive eigenvalues.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ
1
8: Normalize each ui 2 fui g by multiplying a factor
^ .
uT Su
þ

i

The datasets that we used are downloaded from UCI machine
learning repository1 and the other two web sites.2; 3 Basic information is listed in Table 1.
Side information is generated based on the ground truth labels
of the datasets. The following expression illustrates the encoding
rules of Q:
8
1
>
>
<
1
Qij ¼
1
>
>
:
0

i

9: Remove the eigenvectors from fui g that are not orthogonal

^
to the vector 1T S.

þ

10: Find among fui g the m eigenvectors that lead to the small-

est values of uTi Aui where m ¼ minfk  1; jfui gþ jg, then
stack them in columns of matrix V.
^ T VðI  VT AVÞ.
11: Compute VðrÞ ¼ Z
ðrÞ
12: Normalize V ’s rows to have unit length, then feed it to the
k-means algorithm.
13: Output: the grouping indicator.
Several key steps are interpreted as follows: (1) Step 7 aims to
satisfy the condition  > 0; (2) Step 8 aims to scale each eigenvectors for satisfying the condition of Eq. (11); (3) Step 9 aims to satisfy
the condition of Eq. (12); (4) In Step 11, we recover the solution vec^ T u and we weight each solution
tors by the linear transformation Z
vector by one minus the associated value of the objective function.
It is worth mentioning that the input parameter b is tunable,
making the algorithm flexible to noisy side information or inappropriate mathematical expressions for side information. Usually, the
larger b is given, the more side information is respected.

4.2

Complexity Analysis

The algorithm complexity is analyzed as follows. The time cost for
^ is in general Oðnp2 Þ, and that for computcomputing the matrix S
ing the generalized eigenvalue decomposition in Step 5 or in Step 6
^ Z
^ T is Oðkp2 þ kpnÞ. Hence the
is Oðp3 Þ, and that for computing ZQ
general time complexity of our algorithm is
Oðkpn þ kp2 þ np2 þ p3 Þ:

(18)

In practical applications, p can be chosen as a value far smaller than
n so that the running time grows almost linearly to n. The memory
^ are OðnpÞ and Oðp2 Þ, respec^ and S
cost for storing the matrices Z
tively. The general memory complexity is
Oðnp þ p2 Þ:

5

(19)

EXPERIMENT

In this section, we carry out experiments for assessing the proposed SCACS algorithm.

5.1

Experiment Setup

We implement our algorithm and other compared algorithms over
Linux machines, the machine for recording computational time
with 3.10 GHz CPU and 8 GB main memory.

if xi and xj have consistent labels
if i ¼ j
if xi and xj have different labels
no side information:

(20)

In our experiment, we randomly sample c labelled instances from a
given input dataset, and then obtain Q based on the rules of
Eq. (20).
The clustering accuracy is evaluated by the best matching rate
(ACC). Let h be the resulting label vector obtained from a clustering algorithm. Let g be the ground truth label vector. Then, the best
matching rate is defined as
Pn
ACC ¼

i¼1

dðgi ; mapðhi ÞÞ
;
n

(21)

where dða; bÞ denotes the delta function that returns 1 if a ¼ b and
returns 0 otherwise, and map(hi ) is the permutation mapping function that maps each cluster label hi to the equivalent label from the
data corpus.

5.2

Comparisons with Benchmarks and FCSC

In this part, we compare our SCACS algorithm with three spectral
algorithms (LSC-R, SL and FCSC). Among them, “LSC-R” [23] is
the unsupervised baseline that constructs similarity graphs based
on sparse coding. “SL” [10] is the CSC baseline which encodes side
information by directly modifying similarity matrices. “FCSC” [16]
is the state-of-the-art in terms of accuracy. FCSC is too slow to handle large datasets, hence in this experiment we used four small
datasets:
1)
2)

The Image Segmentation dataset.
A subset sampled from the USPS dataset. We used the first
300 instances of each class, 3,000 instances in total.
3) A subset sampled from the Pen Digits dataset. We used the
first 300 instances of each class, 3000 instances in total.
4) A subset sampled from the Letter Recognition dataset. We
used the first five classes of instances, 3,864 instances in
total.
We set the Gaussian kernel width s to the average Euclidean distance between all instances and base vectors. We use p ¼ 500, r ¼ 3
and b ¼ b0 g k1 where b0 ¼ 0:5 þ 0:4  nc and g k1 denotes the (k-1)
^ ¼ g Sx.
^
th largest eigenvalue of the generalized eigen-system Qx
For fair comparison, the randomly selected labelled instances are
1. http://archive.ics.uci.edu/ml
2. http://www.zjucadcg.cn/dengcai
3. http://yann.lecun.com/exdb/mnist
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Fig. 1. Accuracy comparisons among different algorithms. Here c denotes the number of labelled data.

consistent for SL, SCACS and FCSC. In order to show how the
results vary with c, we use 10 different values ranging from 100 to
1,000 by a increasing step size 100; for each value, we carry out 20 trials in terms of 20 different constraint sets. For SL, we use the k-nearest neighbor method to compute similarity matrices (k ¼ 30), and
we use radial basis function (RBF) to compute the similarities
between pairwise instances. For FCSC, we directly use RBF kernel
function to compute similarity matrices as used by the authors.
We demonstrate the algorithm accuracies and the standard deviations in Figs. 1a, 1b, 1c, and 1d. One can see that our algorithm outperforms LSC-R over all the datasets with large margins, indicating
that our algorithm in encoding side information is appropriate. In
addition, FCSC significantly outperforms SL, indicating that the
constrained normalized-cuts framework performs much better in
encoding side information. Over the four small datasets, our algorithm outperforms SL on average and is close to FCSC.

5.3

Comparisons with Efficient Algorithms

In this part, we compare our algorithm with three efficient algorithms (LSC-R, CKM, and ML). Among them, “CKM” refers to the
k-means based constrained clustering algorithm [2]. “ML” refers to
the side information based metric learning method [4] and we use
their efficient version that learns a diagonal matrix. The datasets
that we used are listed in Table 1.
For fair comparison, we use the same base-vector selections for
LSC-R and SCACS, and we use the same random selections of constrained instances for CKM, ML and SCACS. We carry out 20 trials
in terms of 20 different constrained instance sets, and report the
average clustering accuracies and the standard deviations. The
parameter that we used are p ¼ 500, b0 ¼ 0:1, r ¼ 3, respectively.
The results are illustrated in Figs. 1e, 1f, 1g, 1h, 1i, and 1j. Over
five datasets (Image Segmentation, USPS, Pen Digits, LetterRec
and MNIST), our algorithm significantly outperforms other three
algorithms; and over the remaining CoverType dataset, our algorithm performs better than LSC-R and CKM. Note that ML performs well on low-dimensional datasets such as Letter Recognition
and CoverType, with a decreased performance on high-dimensional datasets such as USPS and MNIST. However, our algorithm
performs much better on high-dimensional datasets.
The running time is recorded in Table 2. The results show that
SCACS is much faster than FCSC. For the Pen Digits dataset, FCSC
demands more than 11 hours, however, our algorithm demands
only 3.22 seconds. For the two largest datasets, MNIST and CoverType, FCSC could not return results within a week, however, our
algorithm only demands 12.02 and 64.47 seconds, respectively.

5.4

Influence of Parameters

Below we show how the parameters (r, p, b0 ) influence SCACS. We
use two datasets, Pen Digits and MNIST, with a lower dimensionality and a higher dimensionality, respectively. For computing the
influence of r, we fix c ¼ 500 and vary r from 3 to 30 by a step size
1. For computing the influence of p, we fix c ¼ 500 and vary p ranging from 100 to 1,000 by a step size 100. For computing the influence of b0 , we vary b0 from 0.1 to 0.9 by a step size 0.1.
Fig. 2a shows the influence of r. The accuracies of SCACS tend
to decrease as r increases, indicating that sparseness plays a key
role in our algorithm. This suggests that a relative small r is preferable. The accuracy decrease pace over the MNIST dataset is faster
than that over the Pen Digits dataset. This might support that
sparseness is more important for grouping high-dimensional datasets than for grouping low-dimensional datasets. Fig. 2b shows
that the accuracies of SCACS vary mildly with p; in particular in
the interval of, e.g., p ranging from 500 to 1,000, our algorithm is
significantly robust. This states that it is easy to set a usable value
for p. Figs. 2c and 2d show how the clustering accuracies vary with
b0 . One may notice that the clustering accuracies drop seriously if
constrained instances are very few (e.g., c ¼ 100) but b0 uses a
larger value (e.g., b0 ¼ 0.8). Conversely, if constrained instances are
abundant, a larger b0 might result in a significant improvement in
terms of accuracy, e.g., for the Pen Digits datasets, the clustering
accuracies can be significantly improved as b0 increases when
c ¼ 5;000.

6

CONCLUSION AND FUTURE WORK

We have developed a new k-way scalable constrained spectral
clustering algorithm based on a closed-form integration of the constrained normalized cuts and the sparse coding based graph construction. Experimental results show that (1) with less side
information, our algorithm can obtain significant improvements in
TABLE 2
Running Time (seconds), c ¼ 100, p ¼ 500
Dataset
ImageSeg
USPS
PenDigits
LetterRec
MNIST
CoverType

LSC-R

CKM

0.41
0.96
0.82
4.12
9.32
49.12

0.01
0.82
0.31
4.10
56.70
33.31

ML

SCACS

3.46
21.05
5.42
15.17
492.9
190.58

2.35
3.29
3.22
6.59
12.02
64.47

FCSC
153
14,461
39,948
212,600
-
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Fig. 2. The influence of parameters (r,p,b0 ) to the proposed algorithm.

accuracy compared to the unsupervised baseline; (2) with less
computational time, our algorithm can obtain high clustering accuracies close to those of the state-of-the-art; (3) It is easy to select the
input parameters; (4) our algorithm performs well in grouping
high-dimensional image data. In the future, we are considering an
active selection of pairwise instances for labelling; we will also
apply our algorithm to group urban transportation big data, which
might significantly boost sensor placement optimization.
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